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Abstract

Neakestneighborclassificatiorrelieson theassumption

that class conditional probabilities are locally constant.
Thisassumptiorbecomedgalsein high dimensionawith fi-

nite samplesdueto the curse of dimensionality Thenear

estneighborrule introducessevere bias underthesecondi-
tions. e proposea locally adaptiveneighborhoodnorph-
ing classificationmethodto try to minimizebias. We use
local supportvector madine learning to estimatean ef-

fectivemetric for producingneighborhoodghat are elon-
gatedalong lessdiscriminantfeatuie dimensionsand con-
strictedalongmostdiscriminantones.Asa result,theclass
conditional probabilities can be expectedto be approxi-

mately constantin the modifiedneighborhoodswheeby
betterclassificatiorperformancecanbeachieved. Theeffi-

cacyof our methods validatedandcompaedagainstother
competingedhniquesusinga numberof datasets.

1. Intr oduction

In classificationa featurevectorx = (zq,---,z,)" €
R™, representingn object, is assumedo be in oneof J
classes(i};_,, andthe objectie is to build classifierma-
chinesthatassigr to thecorrectclassfrom a givensetof [
trainingsamples.

K nearesheighbor(NN) classificatiormethodqd3, 4, 5,
7, 8, 10, 11, 13, 16] are a simple and attractive approach
to this problem. Sucha methodproducescontinuousand
overlapping,ratherthan fixed, neighborhoodand usesa
differentneighborhoodor eachindividual querysothatall
pointsin the neighborhoodrecloseto the query Further
more,empiricalevaluationto dateshovsthatthe KNN rule
is a ratherrobust method. In addition, it hasbeenshavn
[6] thatthe oneNN rule hasasymptoticerrorratethatis at
mosttwice the Bayeserrorrate,independentf thedistance
metricused.
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Figure 1. Feature relevance varies with query
locations.

The nearesnheighborrule becomedessappealingn fi-
nite training sampleshowever. This is dueto the curse-
of-dimensionality2]. Severebiascanbeintroducedn the
NN rule in a high-dimensionainput featurespacewith fi-
nite samplesAs such,thechoiceof a distancemeasurée-
comescrucialin determininghe outcomeof nearesheigh-
bor classification.The commonlyusedEuclideandistance
measuramplies that the input spaces isotropicor homo-
geneousHowever, the assumptiorior isotropy is oftenin-
valid in mary practicalapplications.Figure 1 illustratesa
casen point. For querya, thehorizontalcoordinatds more
relevant,because slight move alongthataxis maychange
the classlabel, while for query b, the vertical coordinate
is morerelevant. For queryc, however, both coordinates
areequallyrelevant. Thisimpliesthatdistancecomputation
doesnot vary with equalstrengthor in the samepropor
tion in all directionsin the featurespaceemanatingfrom
theinput query Capturingsuchinformation, therefore,is
of greatimportanceto ary classificationproceduran high
dimensionakettings.

In this paperwe proposeanadaptie neighborhoodnor-
phing classificatiormethodto try to minimize biasin high
dimensionsWe estimatean effective local metricfor com-



puting neighborhood$asedon local SupportVector Ma-
chines(SVMs), which have beensuccessfullyusedas a
classificatiortool in anumberof areasrangingfrom object
recognitionto classificationof cancermorphologies.The
resultingneighborhoodsre highly adaptie to queryloca-
tions. Moreover, the neighborhoodsare elongatedalong
less relevant (discriminant) feature dimensionsand con-
strictedalong mostinfluential ones. As a result, the class
conditionalprobabilitiestendto be constantn themodified
neighborhoodswherebybetter classificationperformance
canbeobtained.

2. RelatedWork

Friedmar{7] describesinapproacho learninglocalfea-
ture relevancethat recursvely homesin on a queryalong
themost(locally) relevantdimensionwherelocalrelevance
is computedrom a reductionin predictionerror giventhe
guerysvaluealongthatdimension.This methodperforms
well on a numberof classificationtasks. In our notations,
local relevancecanbe describedy

J
R¥(z) = Y _(Pr(j) — Pr(jla; = z:)])?, (1)

j=1

wherePr(j) representshe expectedvalueof Pr(j|x), and
Pr(j|z; = 2;) theconditionalexpectatiorof Pr(j|x), given
thatz; assumesaluez;. Thismeasureeflectsheinfluence
of theith input variableon the variationof Pr(j|x) atthe
particularpointz = z. In this case,the mostinformative
dimensionis the onethatdeviatesthe mostfrom Pr(5).

The main difference,however, betweenour relevance
measurdo be describedn section3.2 and Friedmans (1)
is thata featuredimensioris morerelevantif it is mostdis-
criminantingin caseof our relevancemeasurewhereast
variesmostin caseof Friedmans. As aresult,our measure
is moreinformative thanFriedmans.

Hastie and Tibshirani [8] proposean adaptve nearest
neighbor classificationmethod basedon linear discrimi-
nantanalysis. The methodcomputesa distancemetric as
a productof properlyweightedwithin andbetweersumof
squaresnatrices. They shav that the resultingmetric ap-
proximateghe Chi-squaed distanceby a Taylor seriesex-
pansiongiventhatclassdensitiesareGaussiamndhavethe
samecovariancematrix. While soundin theory themethod
haslimitations. The main concernis thatin high dimen-
sionswe may never have sufiicient datato locally fill in
n x n within andbetweersum-of-squarematrices.

Amari and Wu [1] describea methodfor improving
SVM performanceby increasingspatialresolutionaround
thedecisionboundarysurfacebasednthe Riemanniarge-
ometry Themethodfirsttrainsa SVM with aninitial kernel

thatis thenmodifiedfrom the resultingsetof supportvec-
torsandaquasiconformamapping.A nev SVM is built us-
ing the new kernel. Viewed underthe samelight, our tech-
niguecanberegardecasawayto increasespatialresolution
aroundthe separatindiyperplandn alocal fashion. How-

ever, our techniguevariesspatialresolutionjudiciously in

thatit increasespatialresolutionalongdiscriminantingdi-

rections,while decreasingpatialresolutionalonglessdis-

criminantones.

Westonet al. [15] proposea techniquefor featurese-
lection for SVMs to improve generalizatiorperformance.
In theirtechniqueafeatureis eithercompletelyrelevantor
completelyirrelevant. Clearly, featureimportanceassuchis
non-local,andtherefore insensitve to querylocations. In
addition, theseglobal relevancetechniquesusually do not
work well ontasksthatexhibit local featuredifferentialrel-
evance asevidencedby theexampleshovnin Figurel.

3. Feature Relevance

Our techniqueis motivated as follows. In linear dis-
criminantanalysis(for J = 2), dataare projectedonto a
singledimensionwhereclasslabelassignments madefor
a giveninput query This dimensionis computedaccord-
ingtow = W~1(u; — u2) whereW denoteghe within
sum-of-squarematrix, andu; the classmeans.Thevector
w representshe samedirectionasthe discriminantin the
Bayesclassifieralong which the datahave the maximum
separationFurthermoreary direction,®, whosedot prod-
uct with w is large, also carriesdiscriminantinformation.
The larger |w - ©] is, the more discriminantinformation
that® captures.Stateit differently; if we transform® via
Orer = W-1/2@°4, thenin the transformedspace ary
direction®™¢% closeto W1 (u; — u2) providesdiscrimi-
nantinformation.

In particular when @ is restrictedto the featureaxes,
ie.,

O c{e, ,en}, 2

wheree; is a unit vectoralongtheith feature the valueof
|w - ©| measureshe degreeof relevanceof featuredimen-
sion® in providing classdiscriminantinformation. It thus
seemsaturalto associatewhen® = e;,

w;, =w-0, 3)

as a weight, with eachdimension® in a weightednear
estneighborrule. Now imaginefor eachinput querywe
computew locally, from which to inducea new neighbor
hoodfor the final classificationof the query In this case,
large|w - ®| enablegheshapeof neighborhoodo constrict
along®, while small|w - ®| enlongateshe neighborhood
alongthe © direction. Figurel illustratesa casein point,
wherefor querya the discriminantdirectionis parallelto



the vertical axis, and as such, the shapeof the neighbor
hoodis squashedlongthatdirectionandenlongatedlong
thehorizontalaxis.

While w points to a direction along which projected
datacanbe well separatedthe correspondindhyperplane
may be far from optimalwith respecto maigin maximiza-
tion. In generalsucha hyperplanaedoesnot yield the max-
imum margin of separatiorbetweenthe data, which has
directbearingon its generalizatiorperformance.ln terms
of weightednearestheighborcomputatiordiscusse@bore,
thisimpliesthatthe class(conditional)probability tendsto
vary in the neighborhoodnducedby w. Furthermorethe
assumptioron equalcovariancestructuresor all classess
ofteninvalid in practice.Computationallyif thedimension
of thefeaturespacas large,therewill beinsufiicientdatato
locally estimatethe O(n?) elementsof the covariancema-
trix, therebymakingthemhighly biased.This motivatesus
to considerthe SVM approacho featurerelevanceestima-
tion.

3.1 Support Vector Machines

Let R(w) = [ |y — f(x,w)|dP(x,y) betheexpected
generalizatiorerror (risk) for a learningmachinef (x, w),
wherew is anadjustableparametethatdeterminesf, and
P(x,y) the(unknown) probabilitydistribution. The empir
ical risk is definedas

l
Remp(w) = g5 3 Iy = £ xi, )| (4)
=1

for asetof trainingdata{x;, y; }!_ .

In the SVM framework, unlike typical classification
methodgthatsimply minimize Rep,p(w), SVMs minimize
the following upperboundof the expectedgeneralization
error R(w) < Remp(w) + C(h), whereC representshe
“VC confidencé, and h the VC dimension. This can be
accomplishedby maximizingthe mamgin betweerthe sepa-
rating planeandthe data,which canbeviewedasrealizing
the StructureRisk Minimization principle[14].

Now we examinegeneralSVMs having basisfunctions
®: R - RV, wheren < N. SVMs searchfor a lin-
earfunction: f(x) = w - ®(x) + b in spaceR”. An
input queryx is classifiedaccordingto the algebraicsign
of f(x). The SVM solution producesa hyerplanehav-
ing the maximummamin, wherethe mamgin is definedas
2/|lwl||. It is showvn [14] that this hyperplands optimum
with respecto generalizatiorerror. The hyperplanedeter
minedby its normalvectorw, canbe explicitly written as
W = ) cov aiyi®(x;), where SV is the setof support
vectorsdeterminedy the SVM.

In a simplecasein which @ is the identity function on
R™: ®(x) = x, we have

fx)=w-x+b (5)

and
W= Z QYiX;. (6)
iesv
Herethenormalw is perpendiculato theseparatindnyper
plane.Similarto lineardiscriminantanalysisthe normalw
pointsto the directionthatis mostdiscriminantandyields
themaximummaigin of separatiorbetweerthedata.

We note that real dataare often highly non-linear In
suchsituationsljinearmachinesannotbeexpectedo work
well. As such,w is unlikely to provide any usefuldiscrimi-
nantinformation.Ontheotherhand piecaviselocal hyper
planescan approximateary decisionboundariesthereby
enablingw to capturdocal discriminantinformation.

3.2 Discriminant Feature Relevance

Basedon the above discussionye now proposea mea-
sureof featurerelevancefor aninput queryxg as

Ri(x0) = |w; (7)

where w; denotesthe ith componentof w in (6) com-
putedlocally at xg. One attractve propertyof (7) is that
w enablesR;’s to capturerelevanceinformationthat may
not otherwisebeattainableshouldrelevanceestimatedeen
conductedalong eachindividual dimensionone at a time,
asin [7].

The relative relevance,asa weightingschemegcanthen
be givenby thefollowing exponentialweightingscheme

ri(xo) = exp(CR;(x0))/ ) exp(CRi(x0))  (8)

=1

whereC' is a parameteithat can be chosento maximize
(minimize) the influenceof R; onr;. WhenC = 0 we
have r; = 1/n, therebyignoring ary differencebetween
the R;’s. Onthe otherhand,when( is large a changein
R; will be exponentiallyreflectedin r;. The exponential
weightingis morestablebecausé preventsneighborhoods
from extendinginfinitely in ary direction,i.e., zeroweight.
Thus, (8) canbe usedasweightsassociatedvith features
for weighteddistancecomputation

(9)

Theseweightsenablethe neighborhoodo elongatealong
featuredimensionghatrun moreor lessparallelto thesep-
aratinghyperplaneand,atthe sametime, to constrictalong
featurecoordinateshathave smallangleswith w. Thiscan
be considerechighly desirablein nearesheighborsearch.
It might be arguedthat a softmaxfor relative weightings
tendto favor just onelocal dimensionover the othersto in-

fluencethe distancecalculation. In two-classclassification



problems however, this onedimensionis sufiicient to pro-
vide discriminantinformationneeded.

We desirethat the parameterC' in (8) increaseswith
decreasingerpendiculadistancebetweerthe input query
andthe decisionboundaryin anadaptve fashion. The ad-
vantageof doingsois thatary differenceamongw;’s will
be magnifiedexponentiallyin r, therebymakingthe neigh-
borhoodhighly elliptical asthe input queryapproachethe
decisionboundary Figure?2 illustratesthis situation.

Hyperplane

o0}

Figure 2. Neighborhood changes with de-
creasing distance between the query and the
decision boundary.

In generalhowever, theboundaryis unknown. By using
the knowledgethat Equation(5) computesan approximate
locally linear boundarywe canpotentially solve the prob-
lem by computingthe following: |w - x + b|. After nor
malizing w to unit length, the above equationreturnsthe
perpendiculadistancebetweenx andthe local separating
hyperplance We cansetC' to be inverselyproportionalto
'“l’l"’,‘vﬁb' = |w - x + b|. In practice,we find it moreeffec-
tiveto setC' to afixedconstantln theexperimentseported
here,C is determinedhroughcross-alidation.

Insteadof axis-parallelelongationandconstriction,one
mightattempto usegeneraMahalanobislistanceandhave
anellipsoidwhosemain axesare parallelto the separating
hyperplaneandwhosewidth in otherdimensionss deter
minedby the distanceof x from the hyperplane The main
concernwith suchanapproachs thatin high dimensions
theremaybeinsufficientdatato locally fill in n x n within
sum-of-squaresnatrices. Moreover, very often features
may belocally independentThereforeto effectively com-
putegeneraMahalanobisdistancesomesortof local clus-
teringhasto bedone.In suchsituationswithoutlocal clus-
tering, generalMahalanobisdistancereducesto weighted
Euclideardistance.

Let usexaminetherelevancemeasurd?) in the context
of the Riemanniangeometryproposedby Amari and Wu
[1]. A large componenbf w alonga direction®, i.e., a
large value of ® - w, implies that datapoints along that
directionbecomefar apartin termsof Equation.(9). Like-

wise, datapointsaremoving closerto eachotheralongdi-
rectionsthathave a smalldot productwith w. Thatis, (7)
and(9) canbeviewedasapproximatingalocal gausiconfor
maltransformatioraroundtheseparatindpoundarysurface.
Thistransformations morejudiciousthanthatproposedy
Amari and Wu [1], becausehis local mappingincreases
spatialresolutionalongdiscriminantdirectionsaroundthe
separatindoundary In contrastthe quasiconformamap-
ping introducedby Amari and Wu [1] doesnot attendto
directions.

4. Neighborhood Mor phing Nearest Neighbor
Algorithm

Theneighborhoodnomphingnearesheighboralgorithm
(MORF) hasthree adjustableproceduralparameters:.K':
the numberof nearesheighborsn thefinal nearesheigh-
borrule; K.: thenumberof nearesheighborsn theneigh-
borhoodNg, for local SVM computationandC': the posi-
tive factorfor the exponentialweightingscheme8).

We notethatthe parameter’l’ is commonto all nearest
neighborrules. Our algorithmhowever hasaddediwo new
parametersArguably thereis no strongtheoreticfounda-
tion uponwhich to determinetheir selection.The value of
K1, shouldbe a reasonablenumberto supportlocal SVM
computation.To beconsistentK, hasto beadiminishing
fractionof [, thenumberof training points. Thevalueof C
shouldincreaseasthe input querymovescloseto the deci-
sionboundarysothathighly stretchecheighborhoodsvill
result. We have empirically testeddifferentrangesof val-
ues,and crossvalidationis usedto choosebestvaluesfor
theseparameterswhich is whatwe do in the examplesin
thenext section.

At the beginning, a nearesheighborhoodf K, points
aroundhequeryxg iscomputedisingthesimpleEuclidean
distance. From these K, points a local linear SVM is
built, whosew (normalto the separatinghyperplance)s
employedin (7) and (8) to obtain an exponentialfeature
weightingschemer. Finally, the resultingr is usedin (9)
to computeK nearesineighborsat the query point x, to
classifyxg.

5. Empirical Evaluation

In the following we compareseveral competingclassi-
fication methodsusinga numberof datasets: 1. MORF
- boundaryadjustedocal metric methoddescribedabore,
coupledwith the exponentialweightingschemg8); SVM-
light [9] wasusedto build local SVMs. 2. SVM-L - local
linear SVM classifier For eachinput query a linear SVM
from K, nearespointsto the queryis built to classifythe
input. We usedSVMlight [9]. 3. SVM-R - SVM classifier



Table 1. Average classification error rates.

Iris | Sonar| Liver | Pima| Vote | OQ | Cancer| lonosphere Unstructured
SVM-L | 5.0 9.6 | 246|21.4]| 3.4 30| 24 5.7 15.2
SVM-R | 40| 125 | 16.1| 21.3| 3.0 | 3.0 24 3.0 13.1
MORF | 3.0 10.6 | 15.1| 20.3| 26 | 3.7| 2.6 3.4 6.6
KNN |[6.0| 125] 16.6| 21.7| 7.8 | 6.0| 2.7 5.8 19.0
DANN | 6.0| 7.7 | 159 22.2| 3.2 | 42| 25 4.8 13.6
Sgthe | 4.0| 16.3 | 20.8| 21.1|14.7| 54| 25 7.2 5.8
Machete| 5.0 21.2 | 20.1 | 21.5| 6.5 | 6.7| 2.9 6.0 2.9
C45 80| 23.1|195|224| 35|94| 47 5.4 2.2

usingusingradial basiskernels. Again we usedSVMlight
[9]. 4. KNN - simpleK nearesheighbomethodusingthe
Euclideandistance 5. C4.5- decisiontreemethod[12]. 6.
Machete anadaptve NN procedurd7], in whichtheinput
variableusedfor splitting at eachstepis the onethat maxi-
mizesthe estimatedocal relevance(1). 7. Sgythe - agen-
eralizationof the Machetealgorithm[7], in which the in-
putvariablesinfluenceeachsplit in proportionto their esti-
matedlocal relevance ratherthanthe winnertake-all strat-
egy of Machete.8. DANN - discriminantadaptve nearest
neighborclassificatior{8].

In all the experimentsthe featuresarefirst normalized
overthetraining datato have zeromeanandunit variance,
andthe testdatafeaturesare normalizedusing the corre-
spondingtraining meanand variance.Proceduraparame-
tersfor eachmethodweredeterminecempirically through
cross-alidation. Also, in all the experimentsvhereSVM-
light wasinvolved, we did not attemptto estimateoptimal
valuesfor eps. We insteadusedits default value (0.001).
Thevaluesof « in theradialbasiskernelexp(—~v||x — x'||)
andc (the soft-mapgin case)that affect the performanceof
SVM relatedalgorithms(SVM-L, SVM-R, MORF) were
chosenthroughcross-alidationfor eachproblem. Simi-
larly, optimal proceduralparametergor eachmethodare
selectedhroughexperimentgor eachproblem.

5.1 The Problems

The first 8 data setsare taken from UCI Repository
of Machine Learning Database. The last oneis a simu-
lated (Unstructured)datasetthat is taken from [8]. The
data set hastwo classes(J = 2) andis measuredoy
n = 10 features. Each classcontainssix sphericalbi-
variatenormalsubclasseén first two dimensions)having
standarddeviation 0.25. The restof eight featuredimen-
sionsfollow independenstandardGaussiardistributions.
They sene asnoise. The meansof the 12 subclassesre
chosenat randomwithout replacemenfrom the integers
[1,2,...,5] x [1,2,...,5]. For eachclass,dataareevenly

drawn from eachof the six normalsubclasses.

For thelris, SonarandVote datawe performleave-one-
outcross-alidationto measurg@erformancesincethe data
setsizesaresmallin thesecaseslL argerdatasetsareavail-
ablein theothersix casesFortheLiver, Pima,OQ, Cancer
lonosphereand Unstructureddatawe randomlyselect200
pointsastraining dataand 200 astestingdata(145for the
Liverdataand151for thelonospherealata).We repeatthis
processlO timesindependentlyandreportthe averageer-
ror ratesfor thesedatasetsin Tablel. Standardleviations
by the correspondingnethodsare:Liver: 3.3,4.3,3.3,3.9,
2.7,3.1,3.6and3.2;Pima: 3.7,1.9,2.8,1.9,2.3,2.5,2.4
and2.6;0Q:1.3,1.4,1.4,1.9,1.2,1.2,1.7and2.5; Cancer:
0.9,1.2,1.0,1.2,1.1,1.1,1.0and1.7;lonospherel.6,1.5,
1.4,1.5,1.8,1.2,1.6and1.8;andUnstructured11.4,10.2,
8.7,8.7,8.6,4.0,2.1and1.9,respectiely.

5.2 Results

Tablel shaws clearlythatMORF registeredcompetitive
performancever the exampleproblems.While theresults
improvementmay not be significant,they nonetherlesare
in favor of the MORF algorithm. It seemsnaturalto ask
the questionof robustness.Thatis, how well a particular
methodm performson averagein situationsthat are most
favorableto other procedures.Following [7], we capture
robustnessy computingthe ratio b,,, of its errorrate e,,
andthesmalleserrorrateoverall methodeingcompared
in a particularexample:b,;, = ——*=——. Thus,thebest

1<k<8 €k

methodm™ for that examplehasb,,» = 1, andall other
methodshave larger valuesb,, > 1, for m # m*. The
larger the value of b,,,, the worsethe performanceof the
mth methodis in relationto the bestonefor thatexample,
amongthe methodsbeing compared. The distribution of

the b, valuesfor eachmethodm over all the problems,
therefore seemgo bea goodindicatorof robustness.

Fig. 3 plotsthedistribution of b,,, for eachmethodover
the nine datasets. The dark arearepresentshe lower and
upperquartilesof the distribution thatare separatedby the

€m
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Figure 3. Performance distrib utions.

median. The outer vertical lines shav the entire rangeof
valuesfor the distribution. It is clearthat the mostrobust
methodover the datasetsis MORFE In 4/9 of the prob-
lemsits errorratewasthe best(median= 1.08). In 8/9 of
themit wasno worsethan40% higherthanthe besterror
rate. In the worst caseit was300%. In contrastKNN has
theworstdistribution, wherethecorrespondingumbersare
1.93,300% and864%.

6. Summary and Conclusions

This papempresentanadaptve metricmethodfor effec-
tive patternclassification. This methodestimatesa flexi-
ble metric for producingneighborhoodshat areelongated
alonglessrelevantfeaturedimension@ndconstrictedalong
mostinfluential ones. As a result, the classconditional
probabilitiestend to be more homogeneoué the modi-
fied neighborhoodsThe experimentakesultsshaw clearly
thatthe MORF algorithmcanpotentiallyimprove the per
formanceof K-NN and recursve partitioning methodsin
someclassificationproblems,especiallywhenthe relative
influenceof input featureschangeswith thelocationof the
gueryto beclassifiedn theinputspace Theresultsarealso
in favor of MORF over similar competingmethodssuchas
MacheteandDANN.
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